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REGULARITY PROPERTIES OF STATIONARY HARMONIC 
FUNCTIONS WHOSE LAPLACIAN IS A RADON MEASURE 


REMY RODIAC 

Abstract. We study the regularity of Radon measures /r which satisfy that there 
exists a function in stationary harmonic such that = fi in fl (here fl is 

an open set of M^). Such conditions appear in physical contexts such as the study of 
a limiting vorticity measure associated to a family (ug)g of solutions of the Ginzburg- 
Landau system without magnetic field. Under these conditions we prove that locally 
there exists a harmonic function H such that the support of the measure is contained 
in the set of zeros of H. Using the local structure of the set of zeros of harmonic 
functions we can thus obtain that locally the support of /i is a union of smooth simple 
curves. 


1. Introduction and main results 

Stationary harmonic functions arise in many physical problems such as the study of 
Ginzburg-Landau equations linked to superconductivity or the study of Euler equations 
in fluid mechanics. They are also related to limiting vorticities of stationary system of 
point vortices. Let G be a bounded open set in 

Definition 1.1. A function h in H^{Q) is stationary harmonic t/divT^ = t) inVt in the 
sense of distributions, where Th is the stress-energy tensor associated to the Dirichlet 
energy, defined by 

rj, ^ (^[{dyhf - {d,,h^)] -dMyh \ 

^ V -dxhdyh \[{dxhY - {dyh'^)]) ' 

Eguivalently h is stationary harmonic in G if 

(2) ojh := {dxhY — {dyhY — 2idxhdyh is holomorphic in G. 

Equation ([^ means that OxiTiffn dy(Th)i 2 = 0 for i = 1, 2 in the sense of distributions. 
Let us denote by the dual of the Sobolev space Hq{Q). The aim of this paper 

is to describe the local regularity of Radon measures fi which satisfy the following 
conditions: 


(3) /r e H-\n), 

there exists a function hy such that 


(4) Ahy = fi in Q, 
and 

(5) hy is stationary harmonic. 

Note that if hy is a solution of (|^ then hy G and then condition (|^ is 

well-dehned. Indeed we can see that there exists a solution of (|^ in iLo(G) using the 
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Lax-Milgram theorem. Then all the solutions are in since the difference between 

two solutions is harmonic in end hence belongs to 

We will discuss the physical motivations of this problem in the next section. Now we 
wish to examine in slightly more details the condition ([^ and some of its direct conse¬ 
quences. One can show that if h is harmonic {Ah = 0) then h is stationary harmonic 
but the converse is not true in general. It is true if h is regular. Indeed using the same 
techniques as in m chapter 13 we can prove that if /r is in for some p > 1 then a 
solution of (|^, Q,([^ is harmonic, he., /i = 0. For the proof of these facts and other 
properties of stationary harmonic functions we refer to the Appendix. 

Another direct consequence of condition (@ is that G and then h^ is locally 
lipschitz continuous. This is due to the fact that and is holomorphic 

in fl. In particular and |Vh^| are continuous. The fact that Uh^ is holomorphic also 
gives us the following: 

Proposition 1.1. Let which satisfies that ooh^ = {dxhfi}"^ — {dyhfi)"^ — 2idxhydyhy is 
holomorphic. Then the zeros of are isolated in fl. If Q is compact there is a finite 
number of such critical points. 

In the present paper we are interested in describing the properties of Radon measures 
jjL which satisfy hypothesis 0 ), Let us recall that the support of a measure /i is 
the complement of the largest open set A such that p{A) = 0. Our first result describes 
the local regularity of the measure /i in the neighborhood of point zq which belongs 
to the support of p and such that ooh^{zo) 7 ^ 0. Note that we can always assume that 
hyizo) = 0 because adding a constant to h does not change the hypothesis 0, Q, 0. 
Note also that near a point Zq which does not belong to the support of p the function 
hy is a harmonic function. 

Theorem 1.1. Let zq E supp/i, with {hy,, p) which satisfy assumptions 0, 0, 0 
and such that ujh^{zfi) 7 ^ 0. We assume that hy{zQ) = 0. Then there exist a neighborhood 
V of Zq and a harmonic function H in V such that 

( 6 ) hy = \H\, in V or hy = —\H\, in V 

(7) supp piv = {z E V] H{z) = 0}. 

Furthermore we have that VH{zq) 7 ^ 0 and the set {z E V]H{z) = 0} is a smooth 
simple curve diffeomorphic to a straight line. 

Near a point zq such that coh^^izo) = 0 the behavior of hy and the geometry of the 
support of yU is a little bit more complicated. Nevertheless if Zq is a zero of even order 
of ojh^, the situation is similar. 

Theorem 1.2. Let zq E supp/i, with {hy,p) which satisfy assumptions 0, 0, 0, 
and such that zq is a zero of even order of Uh^. We assume that hy{zo) = 0. Then there 
exist a neighborhood V of Zq, a harmonic function H in V and a function 9 : V ^ {=tl} 
such that 

(8) hy { z ) = 9 { z ) H { z ) in V . 

The function 6H is continuous and VH{zq) = 0. Besides the support of p\y is a union 
of smooth curves included in {z E V;H{z) = 0} which end at zq. 

A key ingredient in the proof of the previous theorem is the local structure of the set 
of zeros of harmonic functions (see e.g. [S] or [T^L 
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Figure 1. Near a regular point supp /x is a smooth curve. 

Theorem 1.3 (H)- Let H be a harmonic function defined on an open set D izMf. We 
let Zq{H) := {z G D]H{z) = 0}. Suppose zq G D, H{zq) = 0 and H is not identically 
zero. Then there exist a unique integer n = n{H,zo) >1, a neighborhood U(zo) of zq in 
D and n analytic curves 

7fc :] - 1, ![-)■ [/(2;o), (/c = 1, 2,u) 

such that 7 fc( 0 ) = Zq and: 

1) Zq{H) n U{zq) = (where 7 fc denotes the set { 7 fc(t);t g] — 1,1[}) 

2 ) ang(7fc,7fc+i) = k = where 7^+1 denotes 71 and sjig(^k,lk+i) is the 

angle between 7 ^ and jk+i at zq. 

3) There exists an analytic diffeomorphism cf) : U{zo) —)• S(0,1) such that 

4 > o 7fcW = texp{i 9 k) 

where t g] - 1 , 1 [, k = 1, ....n^Ok = ^ + ■ 

This means that F^ = (fi^jk) are n symmetrically placed diameters of B{0, 1). 

Remark: Note that in Theorem |1.2| it can happen that the support of /i is strictly 
contained in the set {z G v]H{z) = 0}. In this case we can not have h^ = \H\. This 
is illustrated by the following example: we set h{re^'^) = 6 *((p)r^cos(2(p), for r G [0,1], 
(p G [0,27r[ and 


- 1 , if f < f 

+ 1 , otherwise. 

This function h satishes (|^, (|^, ([^. In particular one can check that Ah = /i with 
supp(/i) = DiU D 2 where Di = {z = 0 < r < 1 and ip = j}, D 2 = {z = 0 < 

r < 1 and p = ^} 

When Zq G supp(/x) is a zero of odd order of Uh^ we must use multivalued harmonic 
function. 

Theorem 1.4. Let zq G supp /x with {h^, p) which satisfy assumptions Q, and 
such that Zq is a zero of odd order of ojh^- We assume that h^{zo) = 0. Then there exist 
a neighborhood V of Zq, a multivalued harmonic function Hi in V such that H := iFTil 
is a single-valued function and a function 6 : V ^ {±1} such that 



( 9 ) 


h^{x) = 9{x)H{x) in V, 








4 


REMY RODIAC 



Figure 2. An example of the geometry of supp p near a critical point of h^. 


the function 9H being continuous and VH{zq) = 0. Besides the support of jniv is a 
union of smooth curves included in {z G V;H{z) = 0} which end at zq- 

Furthermore the function Hi is such that: there exist an unique integer n > 1, a 
small number r > 0 and a biholomorphism $ : i?( 0 , r) —)■ 1 / such that $( 0 ) = Zq and 

( 10 ) Hio^{z) = Re{z^+'^), forzeB{0,r) 


Thanks to the property satished by the function Hi in the previous theorem we can 


obtain a description of the set of zeros of Hi similar to Theorem 1.3 


Theorem 1.5. let Hi be as in the previous Theorem l.f Then there exist 2n + 1 
analytic curves 

7 fc:]-l,lK^, (fc = l, 2 ,..., 2 n + l) 


such that 7 a:( 0 ) = Zq and 

1) {z e Hi{z) = 0} n 1" = ullfjk 

2 ) ang( 7 fc, 7 ^+ 1 ) = ^, k = 1, ...,2n + 1, where j 2 n+n denotes 71 and ang( 7 fc, 7 ^+ 1 ) 
is the angle between 7 ^ and 7^+1 at Zq. 

3) There exists an analytic diffeomorphism (f -.V —)■ 5(0,1) such that 


0°7fcW = texp(i6'fc) 

where f g] — 1, 1[, k = 1,2n + 1, and 9k = ipFjpi + 



Figures. Illustration of Theorem [L4l 
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In order to conclude this introduction we would like to comment on the hypothesis 
0, 0. First note that the fact that is in (or equivalently that G H 
is essential to assume 0 since we take the divergence of the tensor in the sense of 
distributions we must have that its coefficients are in Then we want to give an 
example which shows that 0 does not necessarily imply that /r is a Radon measure. 
The example is the following: one can take h defined on [0,1] such that h{0) = 0 and 


h'{x) 


+1, if a; e]^, with n even 
-1, if X e]^, with n odd. 


We then have that h G 1]); h satishes Uh = \h'{x)\^ = 1 is holomorphic. But 

Ah = ^ 1 is not a Radon measure. 

n 


The paper is organized as follows: In Section 2 we explain the physical motivations 
for studying this problem. Section 3 is devoted to the description of the measure p near 
a point Zq such that ojhf,{zo) ^ 0. In Section 4 we discuss the case of a zero of even order 
of and in Section 5 the case of a zero of odd order of ujh^. 


2. Physical motivations of the problem 

2.1. Connections to Ginzburg-Landau vortices without magnetic field. The 

conditions 0,0,0 are motivated by the problem of describing limiting vorticities 
for the critical points of the Ginzburg-Landau energy without magnetic held 


(11) E^{u) = ^ j \S/u\'^dx + ^ f {l-\u\'^Ydx. 

Here m is a complex-valued function called the order parameter and its isolated ze¬ 
ros are called vortices. The Ginzburg-Landau theory is a model for describing the 
superconductivity. The Ginzburg-Landau system without magnetic held was studied 
by Bethuel-Brezis-Helein in [3]. Later on Sandier-Serfaty in m studied the Ginzburg- 
Landau system with magnetic held which is a more physically relevant model. The 
vortices are important features of the model. They correspond to small regions in the 
superconducting sample where the superconductivity is destroyed. Let G be a bounded 
domain in We consider a family {us)e>o of solutions of 

(12) — Amj = ^(1 — |Me|^) in G. 

We assume that |Me| < 1 in G and 

(13) Es{u^) < Coe°'~\ « > ^ 

for every £ > 0. We let = {iu^^Vue) where {.,.) denotes the inner product in C 
identihed with We also let = curl Here describes superconducting currents 
and /ig is the vorticity of these currents. A direct calculation shows that divjg = 0 
hence we can write = V'^h^ for some function Furthermore this function satishes 
the following equation 


(14) 


Ah, = 




in G 


dvK = {je,T) on dQ. 


Here u is the outward pointing normal to dil and r = By the solution to (14) we 
mean the solution with zero average in G. We split h, into two pieces: let us dehne 
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and h\\yy 

-A/ig = yUg in f2, 

/ig = 0 on dVt. 

We recall the following result which describes the behavior of the vorticity measure 
as e goes to 0 (see [10] and HU)- 


K = he 


K- 


Theorem 2.1 (Theorem 13.2 in [H]). A) Let {m£}£>o be solutions of (12). Then 
for any £ > 0, there exists a measure Ve of the form 2 tt diSai where the sum 
is finite, af E fl and df G Z for every i, such that, letting Mfl; 

^Ee{Ue,Be) 


(15) 


Up < C- 


log£| 


where is a union of balls of total radius less than Ce^!'^, and such that 
(16) ll/Xe — 10e\\w-rv{Q,)\\tt^e ~ || (C0(n))* 0, 

for some p G (1, 2). 

B) Let {r'e}e be any measures of the form 27r^.df(5af satisfying (16), let = 
|df I, and let {Mp)p be positive real numbers such that {h^/Mp}^ converges in 
Ljoci^) to a function Hq. Then Hq is harmonic and, possibly after extraction, 
one of the following holds. 

0) Ue = 0 for every e small enough and then tends to 0 in 

1) Hp = o{Mf) is nonzero for e small enough, and then Ps/np converges in 
W~^''p{LL) to a measure p such that 

pVHo = 0 , 

hence the support of p is contained in the set of critical points of Hq. 

2) Mp ~ Xue, with A > 0, and then Pe/Mp converges in W~^’'p{LL) to a measure 
p, and hp/Mp converges in Wl^fiVt) to a solution o/Ah^ = p in Lt. Moreover 
the symmetric 2-tensor T^ with coefficients Tij given by 


(17) 


T,j = 




is divergence-free in finite part (see Definition 2.1 below). 

3) Mp = 0(71^), and then Pe/up converges in to a measure p, and 

hp/ue converges in to the solution of 


(18) 


Ahf, = 

hfi 


p in Q 
0 on dQ. 


Moreover the symmetric 2-tensor T^j, with coefficients Tij given by (17) is 
divergence-free in finite part. 

In cases 2) and 3), if p E then solutions of Ah^ = p are in Thus T^ 

is in L\^J^LL) and we have that div(T^) = 0 in the sense of distributions. In other words 
is stationary harmonic. 


Hence we can see that the limiting vorticity in cases 2), 3), with the additional 
hypothesis that p E satisfies condition (|^, ([^. Understanding the limiting 

measure p will in turn give qualitative information on the behavior of vortices. 

We now recall the dehnition of the notion of divergence-free in finite part taken from 

[H]. 


Definition 2.1. Assume X is a vector field in 12. lUe say that X is divergence-free in 
finite part if there exists a family of sets {i75},5>o such that 

1. For any compact K C fl, we have lim, 5 _ 5 .o cap^ (77 ft Es) = 0. 
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2. For every 6 > 0, X e L^{^ \ Es). 

3. For every ( G 


'n\Fs 


X ■ VC 


0 


where Fs = ( ^{({Es)). If T is a 2-tensor with coefficients {Tij}i<ij< 2 , we say 
that T is divergence free in finite part if the vectors Ti = (Tji,Ti 2 ) are, for 
i = 1,2. 


In this definition we denoted by cap^ the 1-capacity of a set E and we recall from 
Evans-Gariepy [6] that the p-capacity (1 < p < 2) of a set E is defined as 


capp(E) = inf{ [ G Vp G c mt((p > 1)}, 

where int{A) denotes the interior of A and p* = We would like mention that in [9], 
the author studied limiting vorticity measures associated to the Ginzburg-Landau sys¬ 
tem with magnetic field. This leads to conditions analog to (|^, (|^, ([^. He investigated 
these conditions under the additional assumption that the measure p is supported by 
a simple smooth curve. He then proved, among other things, that in that in this case 
p has a fixed sign. 

2.2. Connections to the Euler System. It turns out that conditions 0. 0 are 
also related to the Euler equations for incompressible flow in fluid mechanics. They can 
be written as follows: 


(19) 


f dtv -1- (n ■ V)n -|- Vp = 0 in G 
1 div(n) = 0 in G 


where G is an open set of In this system p is called the pressure and it is an unknown 
of the system. Here v-Xv := v\dxV-\-V2dyV, and v is the velocity of the fluid. The system 
is stationary if it does not involve in time, he., if dtV = 0 in G. A quantity of particular 
interest in fluid mechanics is the vorticity of the fluid defined by 


(20) p = curln. 

We must be more specific to define the notion of solutions of the Euler system. Indeed 
we want to give a meaning to (19) for vector-fields which are only in First note 

that thanks to the condition div(n) = 0 we can rewrite the stationary Euler system in 
the following form: 


( 21 ) 


f div(n ®v) Vp = 0 
[ div(n) = 0. 


where (uGn) is a 2 x 2 matrix given by {v®v)ij = ViVj, for 1 > i, j > 2. The divergence 
of a matrix is the sum of the divergence of the row. Let us denote by (A, B) := tr(A*i?) 
the inner product between two matrices. 


Definition 2.2. Let G be an open set in We say that v G is a weak 

solution of (21) if there exists p G L^(r2) such that 


( 22 ) 


{v®v,Dip)-\- / pdiv(<p) = 0, V <p G 


Proposition 2.1. Let satisfy (§1 01 0. We set V = X^hy_. Then v is a weak 
solution of the stationary Euler system with vorticity equal to pi. 
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Proof. Let (p = {ipi,(p 2 ) £ recall that V-'-h = {—dyh^d^h). 

f (V-^h ® V-^h, Dp) = f {dyh)‘^d^pi - [dyhO^h) [dypi + 8 x^ 2 ] + {dxhfdyP 2 - 
Jq Jq 

However because of the condition (|^ we have 

[ - d^h‘^)d^pi - {d^hdyh)dypi = 0 

Jn ^ 

[ {-d^hdyh)da,p 2 + \{dxh^ - dyh^)dyP 2 = 0. 

Jn ^ 

Hence we can rewrite 


f (V-^h ® V-^h, Dp) = [ ]-{dxh‘^ + dyh^)dxPi + [ ^{dxlr^ + dyh^)dyP2. 

Jn Jn ^ Jn ^ 

We then set p = ||V/ip G L^(f2) and we obtain that for all p G we have 

I {'V'^h®V'^h,Dp) = - I pdiv(93). 

Jn Jn 

Thus V = is a weak solution of stationary Euler system, with pressure p = 
and with vorticity equal to curl V‘''h = Ah = p. □ 


The previous Proposition 2.1 combined with Theorems 1.1, 1.2, 1.4, implies that if 


n is a weak solution of the Euler system (21) such that v = with h which satis- 
hes hypothesis (|^, (|^, ([^ then n is a vortex sheet solution of (21). The vortex sheet 
problem consists in Ending a solution {v,p) of (19) such that the initial data v\t=o = vq 
satisfies that div(no) = 0 and uq = curluo = with S a compact smooth curve in 
M^. The existence of global solution of vortex sheet solutions of the Euler equation 
is due to J.M Delort in |5]. Note that in his paper an important assumption for the 
proof of the existence of global solution of vortex sheet solutions is that the initial data 
Uq = curluo = /i is a positive (or negative) measure. However in cases of theorems 


1.2 


1.4, it can happen that p has no sign. For example setting h{r,p) = 6 {p)r^ cos{2p) 


with 6 {p) = +1, if —^ A P A j and 9(p) = —1 if G [—tt, tt] \ f]. Then one can 

check that Ah is a measure with no fixed sign. 


Let us mention that not all stationary solutions of the Euler system (21) can be 
written as n = V-*-h with h which satisfies ([^,(|^,([^. For example we take v = {—y, x) 


for x,y E 1). Then we can check that n is a solution of (21) with p = + y 


We can write v = V^h with h = But h satisfies that Uh = {x — lyY and it 

is not holomorphic. Hence ([^ is not satisfied. Note that in this case Ah = 1 in H(0,1). 
Such a solution is called a vortex patch. 


2.3. Connections to system of point vortices. A system of A-point vortices in 
evolution is described by the following system of ordinary differential equations 

(zi(f)), Mi = 1,...,A. 

with V-*- = {—dy,dx) and dj G N. The points Zi{t) are called vortices and di are the 
degrees of vortices. The system is stationary if the vortices do not evolve in time, one 


(23) 


dzi, . „ 


N 


dj\n\z — Zj{t)\ 
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then has 

N 

(24) ^ W = l,...,iV. 

A natural question is the following: What are the limiting vorticities of a stationary 
system of point vortices when the number of points tends to infinity? 

Let us reformulate precisely this question. Let hi be a bounded domain, we are inter¬ 
ested in Radon measure /i which satisfies the following conditions: 


(25) 


ATE 

Ve: > 0, aiV*" e N, eQ, di ez s.t.||p - 27r^df5^|||(co(Q)). < £ 

i=l 


(26) {d‘^i)i<i<m) define a stationary system of point vortices. 

The limiting vorticities of a stationary system of point vortices are described by a 


result analog to Theorem 2T 

Theorem 2.2. Let fl be a bounded domain. Let p, be a Radon measure in VL which 
satisfies (25) and (26). There exists a function u G such that 

I) Am = /i 


2) The tensor 

T _ ^2 ~ -d^udyU \ 

“ -da^udyu liidxu)^ - {dyu)‘^]J 

is divergence-free in finite parts. Furthermore if p is in H~^{LL) then u is in 
and div(T„) = 0 in the sense of distributions. That is u satisfies the 
conditions (g, 0, 


Thanks to the previous theorem we see that studying the conditions g, 0, g 
can be useful to obtain information about the vorticity of a stationary system of point 
vortices when the number of vortices tends to infinity. The rest of this subsection is 
devoted to the definitions needed in the statement of Theorem 2A and its proof. The 
definitions and some results are taken from m Chapter 13. 

In this section we use an equivalent definition of divergence-free in finite part: 


Definition 2.3. Let X be a vector field in hi, and zi, ...zn in hi such that X G \ 
{zi, ...,zn})- We say that X is divergence free in finite part if 

1. div(A) = 0 in ViVt \ {zi,..., zv})- 

2. X.i/i = 0, V i = VS > 0 where n denotes the outward unit 

normal to dB{zi,S). 


The equivalence between the two previous definitions can be proved using the coarea 
formula. 


Definition 2.4. We say that u is weakly stationary harmonic if T^ is divergence free 
in finite part. 

Example 2.1. u{z) = ln| 2 ;| is weakly stationary harmonic in 

Proof. Let z = x iy. We have that In |z| is harmonic in \ {0} and smooth in 
\ {0}. Then it is stationary harmonic in \ {0}, that is div(T„) = 0 in \ {0}, 
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ff) _ c) Ilf) II 

with Tu = f uq\ Q if d v?^' to show the second condition in the 

previous definition. Let 5 > 0 we have 

o 2 ^2 -y^ j oo o 

OxU — OyU = —j—p— and lOxUOyU = -j—|^. 

The outward unit normal to 95(0, 5) is z/ = |^. Hence, for all 5 > 0 small: 


'as(o,<5) 


{dxU^ — dyV?)vi + {2dxudyU)v2 = 


x{x^ + y'^) 


\z\ 


JdB{0,5) 

p27T 

= 6 cos{(p)d(p = 0. 

Jo 

The integral of the other component of Th is computed the same way and we also hnd 
that it is equal to 0. Thus u is weaky stationary harmonic. □ 


We can associate to a system of point vortices (24) the measure where we 

denoted by Sz^ the Dirac mass in zq. Let us consider the particular solution of 


(27) 

given by 

(28) 


2ir " 

Am = —— > diSz 
1=1 


N 


N 


u{z) = di In \z — Zi\^ where M^r = \di\. 


2=1 


2 = 1 


Proposition 2.2. The points (^i)i<j<Ar G form a stationary system of point vortices 
if and only if the function u(z) = ^ di \z — zf is weakly stationary harmonic. 

Remark: Note that if u is not in H^{VL) then it does not make sense to say that u 
is stationary harmonic that is why we need the notion of weak stationary harmonicity. 


Proof. We use Dehnition |2.3[ Again away from the points zi.,...^zni u is harmonic and 
smooth. Thus it is stationary harmonic. Near zi we have 


u{z) = ai\n.\z — zi \ + Hi{z) 


where Hi{z) := 'YJi =2 di\YL\z — Zi\ is harmonic near Zi (in a neighborhood of Zi which 
contains only Zi and no other Zi) and Oi is a constant. Without loss of generality we 
can assume that Oi = 1 and Zi = 0. We then have: 


dxu 


X 


dyU = {^ + dxHi{z 


f + dyHl{Z 


+ {dxH^i - dyH^i) + 2 ( fdxHi - fdyHi 


z 


z 


2dxudyU = + 2dxHidyHi + 2 ( fdyHi + fdxHi 
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Thus 


'dB(0,5) 


— dyU^)ui + {2dxudyu)u2 = 


X 


y 


laB(o,s) \^\ 


Yl + 2-j ——^2 

Izr 


+ f - dyHl)u^ + {2d,H^dyH^)u2 

JdB{0,5) 


+ [ 2 f - ^dyH,] u, + 2 

JdB(0,S) vkl kl J 




^ 2 - 


The hrst term in this sum is zero because In |z| is weakly stationary harmonic. The 
second term is also zero because H is harmonic, smooth, and hence stationary harmonic 
and weakly stationary harmonic. For the third term we can use the fact that the normal 
on 9i?(0, (5) is z/ = to prove that it is equal to 2 


Hence if u is weakly stationary harmonic this term must be equal to zero for all 6 . Then 
dividing this quantity by 5 and letting 5 go to 0 we hnd that d^Hi^zi) = 0. With the 
same method applied to the other component of Tu we obtain 


>dB{0,5) 


{2dxudyu)h>i + {dyU^ — dxU^)h'2 


2 [ dyHl 
JdB{ 0 , 5 ) 


Thus if u is weakly stationary harmonic we find that VTri(O) = 0. By repeating this 
argument near each Zi, we obtain that if u is weakly stationary harmonic then zi,..., zat 
form a stationary system of point vortices: 


N 


Zj - Zj 
Zi - Zi I 


0 Vi = 1,...,W 


□ 


We now prove Theorem 2.2 Let /i be a Radon measure which satishes (25), (|26[). We 


set 


(29) 


Mate : — 


1 

MjSfe 


N 

i=l 


with Mate = X]^i Mfl- want to prove that un^ converges to a function u when e 
goes to 0 such that u satisfies An = /i and u is weakly stationary harmonic. However 
we need to have a notion of convergence which preserves the notion of weak stationary 
harmonicity. This is the object of the following dehnition. 


Definition 2.5 m ). We say (with some abuse of notation) that a sequence 
in converges in to X if Xn X in except on a set of arbitrarily 

small 1-capacity, or precisely if there exists a family of sets {Es) 5 >o such that for any 
compact K C fl, 

(30) lim cap^(iF n = 0, and\/6>0 lim / |X„ — X| = 0. 

5-s>0 rn.+oo Jx\Es 

We define similarly the convergence in L‘j by replacing by Lf in the above. 

Proposition 2.3 ([H]). Assume (X„)„gis} is a sequence of divergence-free in finite part 
vector fields which converges to X in L\{VL). Then X is divergence free in finite part. 
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Corollary 2.1. Assume thatu^ is a sequence of weakly stationary harmonic functions 
such that un converges to u in Llikl) and Vun converges in then u is weakly 

stationary harmonic. 


Thus to prove Theorem 2.2 we only need to prove that the functions mtve converge 
in Llikl) to a function u such that Vujsie converge to Vu in Llikl). 

Proposition 2.4. Let Q be a bounded open set in Let pi be a Radon measure in VL 
such that (25),(26) hold. Let un^ = df In 1^; — zf\ then there exists u such that 


un^ converge in Lj{Ll) to u and converge to Vn in Lg{Ll). 


Proof. We let 

, , 27r ^ ^ 

(31) 

i=l 

Since hi is bounded the measure /iate has compact support and we can then write 


(32) U]^e =\yi\z\* pij^e 

where * denotes the convolution product. Then for all (p in we have 

{uN^,ip) = (In | 2 ;| * /iAT., ip) = In | 2 ;| * p). 

Now we let £ go to 0, by hypothesis p]\fe converges to p in (C°(r2))*. Hence 

p) —)■ (/i, In |x| * p). 

This proves that ujsi^ converges to some u in the sense of distributions. 


In the rest of the proof we drop the subscript e and consider the limit N —>■ +cx) (if 
W stays bounded the proof is immediate). We follow closely the proof of Proposition 
13.2 in mi. We choose a bounded open set such that H CC H'. We can dehne pn, 
p, un and u in (using formulas (32), (31) for un and pn valid in and passing to 
the limit in H'). In we set 

(33) V]\j' = Ujq — ti, cxai = Rn — R- 
We then have 

(34) Avn = ckat in H'. 

It holds that lim ||Q!Ar||co(r 2 ')* = 0. But since we have C°(r2') for g > 2 we 

also have C°(r2')* for p <2. Thus we obtain 

lim llaArllw-i.pfo'') = 0 for p < 2. 

7V-1-+00 ^ ’ 

Now we let 


(35) 


= 




1/2 


, Fn = {x eQ; IuatI > Sn}- 


|ciY||co(n')* + 1. 

We have the following bonnd on the p-capacity of Fn (c/. [S] p.l58) 


(36) 


cap (Fat) < C- 


F ' 
On 


We note note that by elliptic regnlarity theory ||n 7 v||ivrp(o) < C'IIckatH vc-np(o') because 
of (34) and because H CC hi'. Thus from (35) and (36) we hnd that 


CaPp(FAr) < C'||aAr||^-i,p(Q/)(||«v||cO(n')* + 














REGULARITY OF SOME STATIONARY HARMONIC FUNCTIONS 


13 


and therefore tends to 0 as iV goes to infinity. This implies in tnrn that 

lim capi(Fjv) = 0 . 

Now we nse a cnt-off fnnction (p G such that \^{x)\ < 1 for all a: G ff', (p = 1 in 

and 9 ? = 0 on dO!. We also set 

Fn = {x e Vt'] \^vn\ > Sn}- 

We have that Fn C F^ and F^ fl = Fn since (p = 1 in fl. We use the following 
truncated function: 


(37) 


if \^Vn\ < ^N, 
^ ^ ^ if \v^vn\ > Sn- 


From a property of Sobolev functions (see e.g. Lemma 7.7 in [7]), we have V{(pvn) = 0 
almost everywhere in F^. We thus obtain: 


'q\Fn 


|Vn^|2 < 


/n'\EW 


|V(</9njv)P 


< 


< 


In' 


WicpVN) ■ '^{(fVN) 
-A{(pvn)Wn- 


in' 


The last inequality being true since 93 = 0 on dfl'. Using the Leibniz formula we obtain 
that 

A{ipVN) = AipVM + ■ Vtat + CpAvN. 

Hence 


I Vn 


AI < 


|A(pn7v((^nA)| + / 2|V(p||VnAr||(pniv| + / \g:>VN\daN 


where we used the fact that Av^ = uv in Now we use Holder inequality to obtain 
that 


I Vn 


N\ A 


in\FN 


< 

C6, 

< 

C6 


(^y +C6n^J IVVatI^^ + <^a||ua||c0(O) 


Thus 

(38) 


< C5 n (ll'i'ArllwLp(n') + ||ttA||co(n')*) • 


lim ||Vniv|U 2 (o\Ejv) = 0 - 

iV—>■+00 


We can also see, from the dehnition of and because fl is bounded that 
(39) lim ||nA||L 2 (o\Fiv) = 0- 

iV—>■+00 

We conclude as in m- Since hm„^+oo cap]^(FAr) = 0, there is a subsequence, still 
denoted by {n}, such that X)n^^Pi(-^Y) < +cxd. We dehne 


= IJ Fat. 


N>i 
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Then capi^Es) tends to zero as 6 goes to zero since it is bonnded above by the tail of 
a convergent series. Moreover, for any 5 > 0 we have Fjy C Es when N is large enough 


and therefore (38) and (39) imply that 


lim ||nAr||£, 2 (s^\s^) - lim || VnAr||L 2 (Q\£;^) - 0 . 

iV—>-+oo iV^H-oo 


□ 


This proposition proves point 1) and 2) of Theorem 2.2 The next proposition shows 
that if we add the hypothesis that /x is in then u weakly stationary harmonic 

implies u stationary harmonic. 

Proposition 2.5 (Proposition 13.1 in [H]). Assume that X is divergence-free infinite 
part in hi and that X is in L^{Q \ E). Then for every ( G (7“(hi), 

[ X ■ VC = 0, 

Jn\F 

where E = C~1(C(-^))- particular if X is in then E = (/} in the above and 

therefore divX = 0 in V'{Q). 

If pi is in we have seen in the introduction that u is in H^{Q) and is 

in L^{Q). Thanks to the previous proposition u weakly stationary harmonic implies u 
stationary harmonic. 

3. First case: local behavior near a point zq such that 
^hJzo) = {dxhf, - idyh^Y{zo) 0 


Let us recall that we consider a couple (/x, hfi) which satisfies 


(40) 




(41) Xhy = /X, in n 
where /x is a Radon measure and 

(42) = {dxhyY — {dyhyf' — 2idxhydyh^ is holomorphic in hi 

In this section we drop the subscript /x when there is no possible confusion. We denote 
by Br = B{zo,r) = {z E C;\z — zo\ < R} the ball of center zq and of radius r. The 


starting point of the proof of Theorem ]_T is the following: 

Lemma 3.1. Let h which satisfies (40), (0, ( [4^ . Let Zq E Ll such that uJh{zo) 7 ^ 0. 
Then there exist R> 0, a function 9 : Br -e {±1} and a harmonic function H : Br -e 
M such that 

(43) dxh{z) - idyh{z) = 6{z) [dxH{z) - idyH{z )], y z E Br. 

Proof. It holds that 


= {dxhY — {dyhfi — 2idxhdyh = = [dxh — idyhfi. 

Thus {dxh — idyhfi is a holomorphic function in hi. If zq is such that cohizo) 7 ^ 0 then 
/ := {dxh — idyhfi satisfies that / is holomorphic in hi and f( 2 :o) 7 ^ 0. This implies that 
in a neighborhood U of zo where f{z) does not vanish there exists a function g : U ^ C 
such that = f in U. We can hence deduce that there exists 6 : U ^ {if} such that 

dxh — idyh = 9{z)g{z) in Lf. 
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From now on we take U = B{zo,R) =: Bn for R snfficiently small. We then set 
H{z) := Re g{s)ds. This is well dehned since Bn is simply connected. The fnnction 
H satisfies the following properties: 

1) H vanishes at Zq. 

2) H is harmonic in Bn becanse it is the real part of an holomorphic fnnction. 

3) 2dzH{z) = g{z) or eqnivalently dxH — idyH = g 

Thus 


(44) dxh — idyh = 9{dxH — idyH), in Bn- 

Besides we have that VH{zo) ^ 0 since \'VH{zo)\‘^ = \ojh{zQ)\^ ^ 0. 
We set: 


□ 


(45) 


B+ {z e Bh;9(z) = +1} := {z e Br;9(z) = -1}. 


Idea of the proof of Theorem |1.1| : The strategy of the proof is the following: 
we first show that the function 6 is in BV{Bn)- Hence and B]^ are sets of finite 
perimeter in Bn- It turns out that the support of /i[B^ is equal to the essential boundary 
of B^ minus the (topological) boundary OBn- Then we use a theorem of structure of sets 
of hnite perimeter in due to Ambrosio-Caselles-Morel-Masnou in pQ to decompose 
the essential boundary of B'^ as a disjoint union of Jordan curves. Because of the 


relation (43) we are able to show that these Jordan curves are unions of some part of 


the boundary dBn and of level curves of the harmonic function H. Since /x is a Radon 
measure we prove that there can not be an infinite number of level curves of H in the 
support of fi near zq (otherwise fi{Bn) = +C)o). Then we can take a smaller open set 
V containing zq such that the support of /i^y is the set of zeros of H. In V we can use 
the fact that V{h — 6H) = 0 or use the maximum principle to obtain that h = +\H\ 
or h = —\H\. 


Lemma 3.2. Let h which satisfies (40), (41), (42). Let R > 0 be small enough, 9 
Bn —)■ {±1} o-nd H : Bn —)■ M such that (43) holds. Then 9 is in BV{Bn)- 


Proof. We set g = d^H — idyH. Since H is harmonic it holds that g is holomorphic. 
Since Zq is not a zero of the function / = (d^h — idyh)"^ we have that g does not vanish 
in Bn- Then we can write 

dxh{z) - idyh{z) 

We obtain that 9 is in L^{Bn) since h is in and g is in C°°{Bn). 

Furthermore we can differentiate 9 in the sense of distributions using the Leibniz rule 
since g G C°°{Bn). We obtain 


dx9 


{dlxh - idl,,h)g - dxg{dxh - idyh) 
- -2 -’ 


Summing these two equalities it comes 


{dlyh - idlyh)g - dygjdxh - idyh) 

9^ 


= {dxg + idyg){dxh - idyh) 

^ y g g2 

But since g is holomorphic in Bn it holds that d^g = \[dxg + idyg] = 0. Hence dx9 + 
idy9 = Now Ah = /x is a Radon measure and we can write dx9 = Re(^)Ah , 
dy9 = Im(I)Ah. Let us denote by (.,.) the duality bracket for distributions. For all 
(p G M^) with \ip\ < 1, we have 
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/ e dlY ip = - {dye,ip2) =- 

J Bji 

Hence we obtain 


'B, 


Re{-)ipidp — 
9 


'B, 


lm{-)(p2dp. 

9 


I / 6 diYip\< W-Wl^p^Br) < +CX) 

Jbh 9 

which means that 6 is in BV{Br) by definition. □ 

Recall that a set C hi is a set of finite perimeter in hi if its characteristic fnnction 
Xe is in BV{Q). We have 

Hence B^ and B]^ are sets of finite perimeter in Br. We need several definitions and 
results from the theory of sets of finite perimeter we recall these notions now and we 
refer the reader to the books |6], or [2] for the proof of these results. 

Theorem 3.1 ([6] p.l67). Let E be a set of locally finite perimeter in Q, then there exists 
a Radon measure on Vt denoted by ||5ii^|| and a ||9i7||-meas?/ra6/e function i/g : hi —M 
such that 

1) |^'_b(x)| = 1 ||5i7||- a.e. , and 

2) J^divipdx = J^ip ■ Ur d\\dE\\ for all if & Cl{Q,W^). 

We present two notions of “boundary” of sets of finite perimeter: 


Definition 3.1. Let E be a set of locally finite perimeter in M" and x G ML. We say 
that X G d*E, the reduced boundary of E, if 

i) \\dE\\{B{x,r)) > 0 for all r > 0, 

ii) lim——-^ / i/Ed\\dE\\ = UEix), and 

' |R(x,r)| 

in) \ve{x)\ = 1. 

Definition 3.2. Let E be a Lebesgue measurable set in M^ and x G M”. We say x G d^^E, 
the measure theoretic boundary or essential boundary of E if 


lim sup 

r —>.0 


\B{x, r) n E\ 


> 0 and lim sup 

r—>-0 


\B{x, r) \ E\ 


> 0 . 


r'- r' 

(Here |H| denotes the n-Lebesgue measure of a set in 


The structure of the reduced boundary of a set of locally finite perimeter in is 
described by the following theorem: 

Theorem 3.2 (|6] p.205). Assume E has locally finite perimeter in M”. 

i) Then 

OO 

d*E =\jKkUN, 

k=l 

where 

\\dE\m = d 

and Kk is a compact subset of a -hypersurface Sk (k = 1, 2 ,...). 

ii) Furthermore, i'E\Sk is normal to Sk (k = 1, ...) and 
in) \\dE\\=Hl-\. 

We have a relation between the reduced and the essential boundary. 
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Proposition 3.1. i) d*E C d^^E. 
ii) V.'^-^{d^E\d^E) = 0. 

We will also use the following theorem 

Theorem 3.3 (Gauss-Green formula |6] p.209). Let E C M” have locally finite perime¬ 
ter. 

i) Then l-E~^{di,E r\ K) < -1-cx) for each compact set K cW^. 

ii) Furthermore, forT-E~^ a.e. x E d^^E, there is a unique measure theoretic unit 

outer normal such that 


(46) 


/ div{Lp)dx = if ■ VEdFL 

IE Jd„E 


n—1 


for all if G 

Since is a set of hnite perimeter in Br, we denote by 1 ^^+ its measure theoretic 
(or generalized) outer normal. 

Let Bf^ = {z E 


Lemma 3.3. Let h as in Lemma 


3.1 


Let 9, H given by Lemma 


3.2 


3.1 


Br,9{z) = thanks to Lemma 

we have: the generalized normal is collinear to Vh and VH, Ft] 
everywhere in Br. 


Bfi is a set of finite perimeter in Br and 

144 R+\44R alm,ost 


Proof. Let us recall that, because of (43) we have 

(47) d^h — idyh = 9{dxH — idyH). 

In the sense of distributions we have dxdyh = dydxh. Thus we obtain dy{6dxH) = 
dx{9dyH) and 

(48) dyOdxH + edydxH = dxOdyH + OdxdyH. 

Now since H is harmonic and hence C°°{Br) it holds that d^yH = dy,^H. Hence 

dyOdxH = dxOdyH. 

Thus for all (p E Cf°{BR, M) we have 

{dyOdxH, ip) 

{dyO, dxHip) 

{8x9, -dyHip) + {dy9, dxHcp) 

/ 9 div xjj 

Jbr 


'Bf 


div^ — / div-^ 
Jb- 


{dx9dyH, ip) 
{8x9,8yHip) 
0 

0 

0 . 


where in the last equalities we set ip := {—8yHip,8xHip). We then use Theorem 3.3 
obtain 


to 


/ ip-u^+dV}— / Ip ■ u^-dR} = 0. 

Jd*B+ ^ Jd*B- ^ 

But 5*5^ = 8 i,Bfi and z/^+ = because Bfi^ = Br \ Bfi. Hence we obtain 


ld.B+ 


Ip ■ iz^+dV} = 0. 


Using the fact that ip has compact support in Br and the dehnition of ip we hnd that 
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(49) 


'a^B+\dBR 


-d„Hi>^^+ + d^Hi/^+)(pd'H^ 


0 


for all if G where we denoted 1 ^^+ 

R 

that 




Bi 


. We conclude from 


(49) 


-dyHv]^+ + d^Hul+ = 0 , - a.e. on 9*5+ \ 95^. 

The last equality means that z/^+ is orthogonal to {—dyH, d^H) "H^-a.e on 9*5^ \ OBr 
and hence parallel to (d^H, dyH). We also obtain that iy^+ is collinear to Vh because 
Vh = eVH in Br. "" □ 


We can now describe the support of the measure /i[s^ in terms of the boundary of 


Lemma 3.4. Let h satisfy the hypothesis (40), (41), (42). Let 9, H, 
Then the support of jaiRn is 9*5J \ OBr and we have 


B 


R, 


Lemma 


3.1 


B^ as in 


TIBr 2VH ■ ^B+B-yQ^R+\^QR^- 

Proof. It holds that 


(Ah,(p) = - Vh-V(p, y^eC^{BR) {heH\n)) 

JBr 

f V5 ■ Vv? + / V5 ■ Vv? (Vh = ±1V5 in B 

Jb- 


Now we use the fact that H is harmonic in Br {AH = 0 in Br) and the Gauss-Green 
formula 13.31 to obtain 


{Ah,p) = 

= -2 


[ -Vj^+dH} + [ ipVH-Uj^-dH^ 

Jd^.B+\dBR ^ Jd^B-\dBR ^ 

[ ^VH-v^+dH} 

Jd.B+\dBT, ^ 


Lemma 


since d^Bf^ = d^Bj^ and z/^+ = ~^b~- because of the previous ............. 

that |V5 ■ i'r+I = |V5| 7 ^ 0 in Br (recall that |V5| = |Vh| in Br). Hence we can 
deduce that the support of is 9*5^ \ OBr and the lemma is proved. □ 


We study in more details 9*5^ \ OBr. In particular since Vh and 1 ^^+ are parallel 
on 9*5^ \ OBr we expect H to be constant on the connected components of this set. 
In order to prove this fact we need more dehnitions and more results from geometric 
measure theory, these can be found in the article pQ. 

Definition 3.3. A curve r C is a Jordan curve ifT = 7 ([a, 6 ]) for some a, 6 G M 
with a < b, and some continuous map 7 , one-to-one on [a, b) and such that 7 (a) = 7 (&). 

Definition 3.4. A curve T C is rectifiable if'H^{T) < 00 . 

Lemma 3.5 (Lemma 3 in |T]). LetC C M"’ he a compact connected set withH}{C) < 00 . 
Then for any pair of distinct points x,y E C there exists a Lipschitz one-to-one map 
7 : [ 0 , 1 ] —)■ G such that 7 ( 0 ) = x and 7 ( 1 ) = y. 
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A consequence of this lemma is that any rectifiable Jordan curve admits a Lipschitz 
re-parametrization. 

In order to state the next theorem, following [T] , we introduce a formal Jordan curve 
Joo whose interior is M."' and a formal Jordan curve Jo whose interior is empty. We 
denote by S the set of Jordan curves and formal Jordan curves. We then have the 
following description of the essential boundary of sets of finite perimeter in 

Theorem 3.4 (Corollary 1 in [1]). Let E be a subset ofMf of finite perimeter. Then 
there is a unique decomposition of into rectifiable Jordan curves : i,k E 

N} C S, such that 

i) Given int(C'j^),int(C'^),i 7 ^ k, they are either disjoint or one is contained in the 
other; given int(C“), int(C^), i 7 ^ k, they are either disjoint or one is contained 
in the other. Each int(C'“) is contained in one of the int(C'^). 

ii) PT) = E.wHc+) + E.w‘(0. 

hi) If C int(Cj^), i ^ j, then there is some rectifiable Jordan curve Cj^ 

such that int(Cj^) C int(C'^) C int(C)'"). Similarly if C int(C'“), i ^ j, 

then there is some rectifiable Jordan curve such that int(C“) C int(C'^) C 
int(C'-). 

iv) Setting Lj = {i; int(C'“ C int(C'j^)}, the sets Yj = in t(C+) \ UigL. int(Q ) are 
pairwise disjoint, indecomposable and E = UjYj. 


We are now able to prove: 


Lemma 3.6. Let 9 be such that (43) holds, 6 G BV{B^. Let Bf^ as before. There exist 
(possibly infinitely many) disjoint rectifiable Jordan curves 7 * such that 


+00 


a.Bi = U 


li 


2=1 


Proof. We must check that Bf^ is a set of finite perimeter in (not just in Br) 
order to apply Theorem 3.4 To this end we set 


m 


9 := 


2 


9 ii X E Bf 
T if a: G M \ B^. 

We also set Xb+ ~ 1(1 + ^); this is the characteristic function of Bf^ in We must 
prove that Xb+ ^ BV(MJ). First we note that Xb+ ^ T^(M^) because it is bounded in 
Bb and it is null in \ Br. Second for all (p G C“(]R^, M^) we have 


Xb+ div((p) = - 


since has compact support in 

I XB+div((p) = ^ 

J]R 2 « Z 

-1 


iBr 


’b: 


div((p) - - 


0 div((p) 


Thus 

9dw{(p) - 




div((p) 


’b: 


div((p) - - 


'R2\Bfl 


div((p). 


Now we claim that Bf^, Bf^ and \ Br have locally hnite perimeter in This is 
obvious for \ Br because Br is a smooth open set with finite perimeter in For 
Bf^, Bf^ thanks to a deep criterion (c/. Theorem 1 p.222 of [ 6 ]) we must only check that 
for all K compact subset of 


V}{Kr\d^B+) < +CX). 
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But V}{KP\d^B^) < V}{Biindi,B^) < +oo because B^ has finite perimeter in Br by 
definition, and the same is true for We can thus apply the Gauss-Green formula 
13.31 to obtain 


6 *div((p)= / ip ■ u^+d'H^ 
Ja.Bt "" 




p-v^-dV}— / p-fBndV}. 


'SBr 


Hence for all p &C\ 


oo/Tn)2 


we have 


0 div((p)| < 2 'H\d^Bl) +H\dBR) < + 00 . 


This proves that Xb+ BV{M.‘^). We can thus apply the Theorem 

R 

the lemma. 


3.4 


to obtain 
□ 


In order to pursue the proof of the main result we need the following version of the 
coarea formula: 

Theorem 3.5 (Theorem 2.93 in [2] p.lOl). Let / : —)• M &e a Lipschitz function and 
let E be a countably -rectifiable subset ofMf. Then the function t h-)■ Rfi^E fl f~^(t)) 
is Lebesgue measurable m M, E r\ f~^{t) is countably -rectifiable for dt-a.e. t G M 
and 

(50) [ Ckd^UdR\x)= [ R\Enf-\t))dt. 

where d^ f^ is the tangential differential of f at x & E, C^d^fx is the k-dimensional 
coarea factor, R^ is the Q-dimensional Hausdorff measure (this is the counting measure) 
and for the definitions of these notions we refer to [2] Chapter 2. 

We can apply the previous theorem with the function / : —)■ M, x h->■ |x| (we have 

that \d^fx\ < 1 for this / and all E countably "H^-rectifiable subset of M^). We then 
find that for all rectifiable Jordan curves 7 we have, for i? > p > 0 


fij 


(51) 


R\x n {Br \ Br_p)) > / R\x^ n Ct)dt 

Jr-P 


where Ct = {z E |z| = t}. We then obtain: 


Lemma 3.7. Under the same assumptions as in Lemma There exist 0 < i?' < i? 
and (possibly infinitely many) connected rectifiable simple curves Tj such that 


+00 


(62) 


S.B+ \SBff = UE' 

i=i 


Proof. We use the formula (51), and the fact that R^(pfi CCt) is finite for almost every 
t E [R — p,R] . We choose R' such that R^(pfi G Cri) < -|-cx) and we have that for all 
z G N there exists R E N and R intervals of M such that 


7i n Br, = 7i(/i) U ... U 7i(4j 

with Ij =]aj,bj[ and 'jfiafijxfibj) E OBr/ for j = 1,...,R. Hence 7 * fl 5^/ is a finite 
union of connected rectifiable simple curves. We define B)^, = B)^ fl Br/ and we find 
that 
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Figure 4. Illustration of Lemma 13.71 


supp niBj,, = d^B^, \ OBr, = supp /iLSfl n Br, 


+ 00 


H-OO 


IJ 7i n - IJ Tj 
J=i 


i=l 


with r, connected rectifiable simple curves. 


□ 


We are now in position to prove Theorem 1.1 


Proof of Theorem \l . 1\ Let h which satishes (40), (41 ),(42). Let 6*, H be dehned by (43). 
Let i?' > 0 be as in Lemma 3.7 From now on we denote by B the ball Br/. We also 
denote by B^ = {z & B] 6{z) = +1}. Let simple connected rectihable given by 

Lemma 3.7 The next claim states that each connected component of 9*5“*’ \ dB is a 


connected component of some level curve of the function H in B. 

Claim 3.1. For all i eN, there exists c* G M such that 

Vi = {z E ^]H{z) = Ci} n B. 

1) We hrst show that for alH G N there exists Cj G M such that Tj C {H = Cj} fl B, 
where {H = Cj} is a short for {z E Mf-,H{z) = Cj}. Indeed let x,y E Ti, x y, thanks 
to Lemma 3.5 we can hnd a bijective lipschitz map / : [0,1] —)■ Tj such that /(O) = x 
and /(I) = y. We then have 

H(y)-H(x) = of )[t)dt 

because H o f E 1F^’^([0,1],M), (that is 77 o / is absolutely continuous). To prove the 
absolute continuity we use that H E C°°{B) and / G 1F^’°°([0,1], B). Hence ( we obtain 
that H o f E 1F^’“([0,1]) C 1F^’^([0,1]) (see e.g. Proposition 9.5 p. 270 of [1]). Thus 


H{y)-H{x)= f\H{f{t)-nt)dt 
Jo 


where f'{f) denotes the derivative of / which exists for £^-almost every t G [0,1] 
(because Lipschitz functions are differentiable almost everywhere). But f'{t) is tan¬ 
gent to Tj and VH(J(t)) is orthogonal to f'{t) for almost every t G [0,1]. Indeed 
thanks to Lemma 3.3, we have that VH parallel to ur+ 'H}-a..e. Hence we obtain that 
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V-ff(/(t)) ■ f'{t) = 0 a.e. and H{y) = H{x). This shows that Tj C {H = Cj} fl B. 


2) We show that Tj = {H = Ci} (1 B using the following Lemma 3.8 We use the fact 
that since VH does not vanish in B the level curves {H = q} fl i? are diffeomorphic to 
straight line (this is a consequence of the implicit function theorem or can be seen in 
Theorem 1.3) if R' is small enough. Hence they are connected. We then apply Lemma 


3.8 to Tj and {H = c*} fl B. These two curves are rectihable, connected and simple, 
and we have T* C {H = Ci} H B and Tj n dB = {H = q} fl dB by continuity of H. 


Lemma 3.8. Let B be a ball of radius R. Let 7 and 7 be two connected rectifiable 
simple curves. We also denote by : [0,1] —)■ some Lipschitz parametrization of 
these curves. We suppose that 7 , 7 are homeomorphism from [0,1] onto their image. 
Assume that 


i) 7 (] 0 , 1[) C B and 7 ( 0 ), 7 ( 1 ) G dB, 

ii) 7 (] 0 , 1[) C B and 7 ( 0 ), 7 ( 1 ) G dB, 

iii) 7([0,1]) C 7([0, !])• 

Then 7 = 7. 


We postpone the proof of this lemma at the end of the section. Now that we know 
the geometry of the curves Tj we can prove that there exists only a hnite number of 
such curves in a sufficiently small ball. 

Claim 3.2. Let p > 0 small enough such that T* n B{zo,p) = {H = q} fl B{zo,p) is 
diffeomorphic to an open segment for all i E N such that Tj 7 ^ 0. Then there exists a 
finite number of curves Tj such that TiH B{zo, p) 7 ^ 0 . 

With p as in the statement of the claim we let Bp = B{zq,p). Since 6 G BV^Bjfi we 
also have 6 G BV{Bp).Thus using the same notations as before we have 


+ CX) > n\d,B^\dBp) 

= R\supp{piB,)) 


+00 


> 


n\\jT,nBp) 

i=l 

pp +c>o 

/ n\[jT,nCt)dt 


i=l 


where in the last equality we used the coarea formula (Theorem 3.5), and we let 
Ct = {z E C; \z\ = t}. The coarea formula also tells us that for almost every t G [0,p] 
we have 'H°(1J^ Tj fl Ct) < + 00 . But if p is small enough then every level curves of 
the harmonic function H meet the boundary of the ball Bp. This is a consequence of 
the maximum principle. As a consequence we have that ViACt) is exactly two 

times the number of curves Tj inside Bt. Then the number of curves Tj is hnite inside Bp. 


We can now conclude the proof of Theorem |1.1[ The last claim proved that there 
exists a hnite number of Tj near Zq := {z G B;H{z) = 0}. Thus there exists 7 > 0 
such that dist(Zo, Tfi > rj for alH G N such that Tj is not included in Zq. We then set 
V := B{zq, ^). Because of the dehnition of p we obtain that 


supp(/iLv) = {z E;H{z) = 0}. 
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Note that Zq is a smooth connected rectihable cnrve near zq (since VH{zq) ^ 0). We 
also set as nsnal V~^ = {z G V; 6{z) = +1}, V~ = {z G V; 6{z) = —1}. We have that 

Vh = +VH, on 1/+, Vh = -VH, on I/”. 

We thns dednce that h = H on and h = —H on V~ because h = H = 0 on 
\ dV = Zo- We know that H does not vanish in V~^ and V~, because H vanishes 
only on Zq. Hence H has constant sign on V~^ and on V~ thanks to the maximum 
principle. These two signs are opposite, because if they were the same then the minimum 
(or maximum) of H would be 0 and would be inside the domain V, this contradicts 
the maximum principle. We can assume for example that if is non negative in and 
then h = |if | in V. 

□ 


Proof of Lemma 3.8 


such that 7(to) = P- 


By contradiction, assume that there exists p G 7 \ 7 . Let to g] 0 , 1[ 
Then we have 


]0,1[= 7 ^(7(]0,fo[) U7(]fo,l[)) 


since 7(]0,1[) C 7(]0,1[) and since 7 (^ 0 ) ^ 7- We then deduce that 


]0, 1[=7 ^ (7(]0,fo[)) U 7 ^(7(]fo,l[)). 


But since 7 and 7 are homeomorphism onto their image we have that 7~^(7(]0,fo[)) 
and 7 “^( 7 (]fo, ![)) are two disjoint open sets. Thanks to the connectedness of ]0,1[ we 
can deduce that 


1) 7 H 7 (] 0 ,to[)) =] 0 ) 1 [ and 7 ^( 7 (]to, ![)) = 0 or 

2) 7“H7(]0,to[)) = 0 and 7-i(7(]fo, ![)) =]0,l[- 

These two cases are similar. Let us assume that we are in case 1). We can then obtain 
that 


7 (]io,l[) n7(]0,l[) = 0 . 


This implies that 7 (]fo, 1[) = 0 or 7 ^ 7 . The hrst assertion is impossible because 7 is 
assumed to be a homeomorphism from [ 0 , 1 ] onto its image and the second possibility 
is in contradiction with the hypothesis iii). Thus it holds that 7 = 7 . □ 


4 . Second case: local behavior near a zero of even order of 

= {d^h^ - idyh^Y{z) 


This section is devoted to the proof of Theorem 1.2 It is very similar to the proof of 
Theorem |l.l[ Here Uh^^izo) = 0, but since we assume that zq is a zero of even order of 
there is no difficulty to hud a holomorphic function g such that {dxhy — idyhyff' = g{z)^. 


Then the proof of Theorem 1.2 is a rather direct adaptation of the proof of Theorem 


1.1 1 except that here because the function g vanishes at zq we can only show that the 
function 9 dehned as in the previous section is in BVioc{Br \ { 2 : 0 }) for R sufficiently 
enough. This introduce a new technical difficulty. We drop the subscript fi in the rest 
of this section. 


Lemma 4.1. Let h which satisfies (40), (41), (42). Let zq E Ll be a zero of even order 
of Uh{z) = {dxh — idyhy{z) . Then there exist R> 0, a function 9 : Br —)■ {±1} and a 
harmonic function H : Br —)■ M such that 


( 53 ) 


dji(z) - idMz) = e(z) (diH(z) - id,H{z )), V z £ Bn, 
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Proof. Since Zq is a zero of even order of Uh, we can find a neighborhood U of Zq, n ^ N 
and a holomorphic function /i : f/ —)■ C such that fi{zo) ^ 0 and 


(54) 


(dji - idyhf- = (z- zof/ilz). 


Since fi(zo) 7 ^ 0, we can choose a smaller neighborhood of Zq still denoted by f/ such that 
in U there exists a holomorphic function denoted by (pi which satisfies ^\{z) = 
and furthermore we can choose U = B{zq,R) for R small enough. We then have 


(55) - idyhf = [{z - zo)'^ip{z)]‘^ =: g{zf. 

We set F{z) := g{s)ds and 


(56) 


H{z) 


ReF(^) = Re 



The function H is harmonic in Bji and satisfies 


2d^H = F\z) = g(z) = {z - zo)'^ipi{z). 


Hence, thanks to (54) we deduce that there exists 6 : U ^ {=tl} such that 


(57) 


dxh — idyh = 9{z){dxH — idyH) 


□ 


As before we set 

Bf. := {z e Br^O^z) = +1}, := {z G Br^O^z) = -1}. 

We thus obtain that 


Vh = +Vi7, on Ri, Vh = —VH, on R 


R- 


Lemma 4.2. Let h which satisfies (40), (41), (42). Let R > 0 be small enough and 


6 : Br —)■ {±1} such that (57) holds with H defined by (56). Then the function 6 is in 
BViUBr\{zo}). 


Proof. In order to prove this result we can apply Lemma 3.2 of the previous section in 
any open subset W C Br such that g = dxH — idyH does not vanish in W. □ 

Thus Bf^ and Bfi are sets of locally hnite perimeter in Br \ {zq}. 


Lemma 4.3. Let h as in Lemma 4-1 • Let 9, H given by Lemma f.l. Let R^ = {z G 
Br] 9 {z) = +1}, thanks to Lemma 4.2 Bf^ is a set of locally finite perimeter in Br \ 


({zo})- Furthermore the generalized normal is collinear to Vh and VR, 
almost everywhere in Br. 


ldy.Bf\dBR 


The proof of this lemma is exactly the same as the one of Lemma 3.3 We can also 


copy the proof of Lemma 3.4 to obtain 


Lemma 4.4. Let h satisfy the hypothesis (40), (41), (42). Let 9 , Br, R^ as in the 


previous lemma 3.3. Then the support o//iLs^ is cI*R)J \ OBr and we have 


TIBr — 2VR ■ z/^+R, 


t^[d,B+\dBR- 




















REGULARITY OF SOME STATIONARY HARMONIC FUNCTIONS 


25 


We would like to apply Theorem 3.4 to the set Bt and continue the proof as in the 


previous section but we can not do that because have only locally hnite perimeter 
in Br \ {zq}- In fact we will show that this is just a technical issue and that B^ has 
indeed hnite perimeter in Bji but it requires some work. In a hrst time we work in an 
annular domain. Let 0 < p < i?, we set 

^R,p = {^ G C;p < |z| < R} = {z G Ar^p-,9(z) = +1}. 

We hrst apply Theorem 


3.4 


to the set 


Lemma 4.5. Let 9 be such that (53) holds, 9 G BVioc{Br \ {^o})- Let as before. 
There exist (possibly infinitely many) disjoint rectifiable Jordan curves yf such that 


+ O0 




71 


2=1 


Proof. We have that 9 G BV{Ar^p 
A)^ p has hnite perimeter in We can then apply Theorem 


As in the proof of Le mm a 3.6 one can show that 

3.4 to deduce the result. □ 


Lemma 4.6. Under the same assumptions as Lemma 4_A. there exist 0 < p < fi < 
R' < R and (possibly infinitely many) connected rectifiable simple curves V) such that 


( 68 ) 


dMiP \ d(An..,>) = 0 7 


i=i 



Figure 5. Illustration of Lemma IT^ 


Proof. The proof is the same as in Lemma 3.7, it uses the coarea formula (see 3.5). □ 


Lemma 4.7. Under the same assumptions as in Lemma \f75 , for all j G N, there exists 


such that Tf is exactly one connected component of {z G B{z) = cf . 

Proof. Again in order to prove this lemma we can follow line by line the proof of claim 
3.1 The only diherence is that here {z G ]R^;iL(z) = q} fl ARi^pi is not necessarily 
connected if q 7 ^ 0 . □ 
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Lemma 4.8. Under the same assumptions as in Lemma 4-6 with R' sujficiently small 
there exists a finite number Np> of curves such that fl ^ 0. We then have 

supp(/iu ) = dfiA^,,)\dAR^^p, 

ix ,p " 




Ur; 


Proof. As in Lemma 3.2 this is due to the coarea formula and the fact that the curves 
„/ - 

are level curves of the harmonic function H. □ 


The next result shows that, with R' hxed if we take a larger annulus, then the 
number of curves in the decomposition of the support of p, is the same. This is due to 
the geometry of these curves since they are level curves of the harmonic function H. 


Lemma 4.9. Under the same assumptions as in Lemma f.G let p\ < p'^ and R' as 
before small enough. Then using the previous notations we have = Np^ and, up to 

re-order it holds F^^ C for j = 1,..., Np^. 

Proof. Using the previous notations we have: 


No 


su 


PP(hL 




UT 


i=i 


^P2 

SUPP(/iLAfi,pJ = U^f • 

Besides it holds that supp(/iLyi^^^) = supp(/iLAjip^) Fl Ar^p^. We thus deduce that 

Ijy cljrf. 

j=l j=l 

We also recall that we have the existence of real numbers = l,...,A"p^ and 

= 1, ■■■,Np 2 such that F^^ is exactly one connected component of {H = fl 
Arpj and FF^ is exactly one connected component of {H = cF^} fl Ar^p^. 


Assume that there exists cU which is different from all the cU for i = 1, ...,Np.^. Thanks 
to the maximum principle every connected component of level curves of the harmonic 
function H which lies in the ball Br meets the boundary of this ball if R is small 
enough. We thus obtain that F^^^ fl Ar^p.^ ^ 0 and then 

r^o n Ak,p 2 C supp(/iLA«,pJ. 

As a consequence we obtain that F^^^ fl Ajjpj = FF^ for some 1 < io < ^pi- This is a 
contradiction with our hypothesis on cU. We then have 

{cTh = {cf }*• 

With the same justihcation we prove that A^pj = Np^. And then up to reorder we have 

TfcTfioTj = l,...,Np>. 

□ 


We are now in position to prove: 
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Lemma 4.10. Let 6, H he such that (53) holds with h which satisfies (40), (41), (42) 


As before we set = {z E Br;9{z) = +1}. Then there exists R > 0 small enough 
such that \ dBn) < +oo and consequently 9 is in BV{Br). 

Proof. By contradiction if 'H}{di,Bf^ \ dBji) = +oo then for all sequence (p„) of real 
numbers such that \ 0 we have 


(69) 


lim \ 561 b,pJ = +oo. 

—iJ-rvs 


n—>+oo 


with Ar^p = { 2 ; G C; p < \z\ < R} and Ar^p+ = Ar^p fl 5^. This is due to the fact that 


d,Bf,\dBR = [jd,Bf,nAR,p^ 


n£N 


= d,A+p^\dAR^p^ 


and the union of these sets is increasing. We now use the previous Lemmas 4.6 and 4.9 


to obtain that for R small enough there exists an integer N such that for all n G N 
there are N simple connected rectihable curves Tj" and N real numbers cj such that 

N 

i=i 

and r^" = {H = Cj} fl Ar^p^. Furthermore we also have F^” C F^”" if n > m. We then 
obtain 


N 


n^d.B+nAR,p„) < nU\J{H = c,}nBR 

\i=i / 

N 

< J2n^{{H = Ci}nBR). 


i=l 


But for R small enough the level curves of H have a hnite Hausdorff measure. Thus 
there exists M > 0 such that for all n G N, 

R^d.B+nAR^pJ^M. 


This is a contradiction with (59) and then \ OBr) < +cx). 


Now we prove that 9 G BV{Br). We recall that in the proof of Lemma 4.2 we found 
that 

dx9 — idy9 = = -p 

9 9 

in the sense of distributions where g = dxH — idyH. We then have 


iViLl 


thus dx9 = and dy9 = Now for all cp G with \p\ < 1 

[ 9divp = -{dx9,pi) - {dy9,p2) 


>Br 


'Bp, 


dxH 

IVifb 


Pidp + 


'Bp 


dyH , 
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We now use Lemma 4.4 to say that 


2VH ■ ^BR^ld^B+XdBn 


hence 


6 div Lf = 2 


VH-u 




'Br 


ia.B+\dBR 


B 


«|Vhr| 

d^H 


IdV} - 2 


VH-u 


dyH 


B 


dyH(f2 

rWW 


d'H\ 


We thus deduce, using the fact that < 1 and |j^^| < 1, that 

I f 9div(p\ < \ OBr) < +cx) 


>Br 


for all ip G ; \ip\ < 1. This proves the claim. 


□ 


From this point we have all the ingredients to pursue the proof of Theorem 1^ 
the previous section. 


as m 


Proof of Theorem 


Claim 4.1. There exist R > 0 small enough, a finite number N and N simple, con¬ 
nected, rectifiable curves Tj such that 


N 


supp(/iLB«) = \ OBr = IJ Tj. 

i=i 

Furthermore for all 1 < j < N there exists Cj such that Tj is exactly a connected 
component of the level set {z G C, H{z) = Cj} D Br. 


Once we know that the function 6 dehned by (57) is in BV{Br) for R small enough 
we can apply the same arguments as in the previous section to prove this claim, it 


results from an adaptation of Lemmas 3.4, 3.6, 3.7 and Claims 3.1, 3.2 


We can now conclude the proof of Theorem 1.2 The last claim proves that there 
exist a hnite number of T^ near Zq := {z G B]H{z) = 0}. Thus there exists rj > 0 
such that dist(Zo, Ti) > rj for all j G N such that Tj is not included in Zq. We then set 
V := B{zo, ^). Because of the definition of rj we can say that 

supp(/iLy) C {z G; H{z) = 0}. 

We also set as usual V~^ = {z E V]6{z) = +1} y~ = {z E V;9{z) = —1}. We have 
that 

Vh = +VH, on 1/+, Wh = -VH, on C". 

Note that in V the function 9H is continuous since 77 = 0 at the discontinuity points of 
9. Then 9H is in H^{V) since H is in H^. Computing V{9H) in the sense of distributions 
we obtain that V{9H) = 9VH. Besides it comes 

V(h -9H) = 0 in V. 

This proves that h — 9H is constant in V, but evaluating this constant in zq we find 
that 

h = 9H, in V. 


This concludes the proof of Theorem 1.2 


□ 
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5. Third case: local behavior near a zero of odd order of 

In this section we deal with the case where Zq is a point in the support of p and Zq 
is a zero of odd order of Uh^,- This case is the most difficult. Indeed unlike the previous 
cases we can not find a holomorphic function g such that — idyh^Y = 9^- We 

must use multivalued holomorphic function to overcome this difficulty. We do not want 
to discuss here the notion of multivalued function. For us the prototype of multivalued 
function is ^ i—)■ 2 : 2 . Such a multivalued function is single-valued up to a sign. Indeed 
given any complex number z different from 0 there exist exactly two complex numbers 
zi and Z 2 such that zf = 2 ; for i = 1,2 and zi = —Z 2 - In particular \z 2 \ = |z |2 is well 
defined. We drop the subscript p during the rest of this section. 


Lemma 5.1. Let h which satisfies (40), (41), (42). Let Zq G 

of Uh{z) = {d^h - idyhfi{z) 


Vt be a zero of odd order 
Then there exist W a neighborhood of Zq, a function 


0 : IT —)■ {±1} and a function if : IT —)■ M which satisfies H = \Hi\ 
multivalued function W such that 


where Hi is a 


(60) dxh{z) — idyh{z) = 9{z){dxH{z) — idyH{z)) in W. 

Furthermore the function Hi is such that: there exist an unique integer n > 1, a small 
number r > 0 and a biholomorphism T : 5(0, r) —)■ IT such that $(0) = Zq and 

(61) Hi o ^(z) = Re{z'^~^^), for z G B{0,r) 


Proof. Let zq be a zero of odd order of {dxh — idyhfi. We can find a neighborhood U of 
Zq, an integer n and a holomorphic function /i : T —?• C with ffizo) 7 ^ 0 such that 

{dxh - idyhf = {z- zof'^^^ffiz). 

Since ffizo) 7 ^ 0, there exists a smaller neighborhood of Zq, still denoted by U and a 
holomorphic function ipi : U ^ C such that (Pi{z) = fi{z), for z E U. 

We then set 

(62) g{z) = {z- ZiiY"^^Lpi{z), for z ELf. 

Like z cE- z^, g IS a. multi-valued function which is single-valued up to a sign. As in 
the previous sections we want to take a primitive of the function g. However the fact 
that g is multivalued introduces a difficulty in this process. But we can show that we 
can choose a special form of a primitive of g. 


Claim 5.1. There exist a neighborhood U of Zq and a single-valued holomorphic function 
(p 2 ■ U ^ C such that (p 2 {z) 7 ^ 0 for all z eU and 


G{z) := {z - zoT^^(p 2 {z), 


satisfies G'{z) = g{z), for all z E U (where g is defined by (62)j 


Proof. Let us assume that such a function (p 2 exists. We then have: 

G'iz) = [{z - zor^h2iz)r 

= in+ ^){z - zoY"^^ip 2 {z) F{z- zoY^^^ip'^iz) 

Since we want G'{z) = g{z) = (z — zoY~^^(fi(z), the function (f 2 must satisfies the 
following complex ordinary differential equation: 




- + L - 


(2 - 2o)”’^Li(2)- 


(63) 
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In a neighborhood of Zq we can expand (pi in power series 

+ 00 

= Y^ak(z - zo)^. 

k=0 

Thanks to an expansion in power series we have: 
we hnd that the coefficient bk must satisfy 


Zq)^. Using (63) 


+00 


+ 00 


+00 


(64) 




^bk{z- zo)’' + ^ kbk{z - zo)^ = ^ak{z- z^f. 


k=0 


k=l 


fc =0 


Thus we must have 


for A: = 0: 6n = ^ 


for k > 1\ bk = 


Q-fc 


Ti-\- ^ -\-k 


+00 


We can check that if we set 922 (^) = 




fc =0 


n + 3/2 + A; 


{z — Zq)^ then G{z) = {z — 


zqY^ 2 Lp 2 {z) is a primitive of g. furthermore because g:i[ZQ) 7 ^ 0 we have oq 7 ^ 0 and 
hence (P 2 {.Zq) 7 ^ 0. Thus (p 2 {.z) 7 ^ 0 in a neighborhood of Zq denoted by U. □ 


We then set 
and 


Hi{z) = Re(G(^)) 


(65) H{z) = \Hi{z)\ for all z in U. 

Note that Hi is a multi-valued function which is single-valued up to a sign. The proof 
of the next claim is very similar to an analogous result for harmonic function (see e.g. 

Mk 


Claim 5.2. There exist a neighborhood W of Zq, a number r > 0 and an analytic 
diffeomorphism $ : i?(0,r) —)■ W such that <I)(0) = zo and 

Hio^{z) = Re{z^^'^), 


for all z e 5(0, r). 


Proof. We have Hi{z) = Re(G( 2 :)) = Re[(z — Zo)"'’'"^‘A’ 2 (- 2 )], for all z G t/ and ip 2 {zo) 7 ^ 0 
(where U and (^2 are given by Lemma 5.1). This last property allow us to hnd a 
neighborhood of zq, denoted by W, and a (single-valued) function (ps : U —)■ C such 
that (y 93(^)”+2 = (p 2 {z) for all z &W. We thus obtain that 


G{z) = [{z - zo)ip^{z)] 


n+i 


Note also that (^ 3 (^ 0 ) 7^ 0. We let k{z) = {z — zq)lp 2 ,{z). We have that k is holomorphic, 
k^Zo) = 0 and k\zQ) 7 ^ 0. We can thus apply an analytic version of the local inverse the¬ 
orem to obtain that there exists a neighborhood of Zq, still denoted by W and a number 
r > 0 such that A: : fU —)■ 5(0, r) is an analytic diffeomorphism (or biholomorphism). 
Now we set d* = k~^, we have that k o <|>(z) = 2 ; G 5(0, r), <h(0) = 2:0 and 

Go^z) = [kmz))r+-^ =z^+l 


We then deduce that 

Hi o $(z) = Re(G o 4)(z)) = Re(z’"+i) 

for all 2 ; G 5(0, r) and the claim is proved. □ 
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One can check that 

{da^H - idyHf = {da;Hi - idyHif = g{zf = f{z). 

We thus deduce that there exists a function 9 : W ^ {±1} such that 

( 66 ) {d^h - idyh) = e{d^H - idyH) in W. 

□ 


We then set 


W+ = {ze W; 9(z) = +1}, W- = {ze W; 9(z) = -1}. 


Note that the function 9 does not play the same role as in the previous section. This 
is because the function II is not harmonic here. Furthermore H is only lipschitz and 
not smooth thus we can not use the same argument as in the previous section to prove 
that 9 is in BViociW \ Indeed to prove this we used the fact that 


9{z) 


dxh — idyh 

d^H -idyH' 


V z e W \ {zo} 


and we differentiated this expression in the sense of distributions, using the Leibniz 
rule. We can not do the same here since d^H — idyll is not a smooth function. 


For this reason we work in hF \ {;2 G U]H{z) = 0}. Thanks to Proposition 5.2 we 
know that this set is an union of 2n + 3 connected disjoint open sets (where n is dehned 
in 


5.2). We have 


2n+3 


(67) 


= [J Wt 


k=l 


with Wk connected and open and such that Wk fl PFj = 0 if /c 7 ^ j. In each Wk, H 
does not vanish and {dxll — idyll) does not vanish either. We can then hud a harmonic 
single valued function Hk such that 

\H\ = Hk, in Wk. 


W 



Figure 6. Partition of W in disjoint open connected subsets. 

In particular \H\ G C°^{Wk) for all 1 < fc < 2n + 3. We are now in position to state that 
Claim 5.3. The function 9 is in BViociWk \ { 2 ^ 0 }) for all 1 < k <2n + ?>. 
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The proof of this fact is the same as the proofs of Lemma 3.2 and 4.2 in the previous 
sections. For 1 < /c < 2?7, + 3 we set 

= {zeWk]e{z) = +i]. 

These sets are sets of locally finite perimeter in W^- As in the previous sections (see 
Lemma 3.3) we can obtain 


Claim 5.4. The generalized outer normal i'jj+ is collinear to Vh and VH, ||9h^^^i|- 
almost everywhere in Uk- 

We have all the ingredients to repeat the arguments of Sections 3 and 4 in each 
sub-domains Wk and obtain 

Claim 5.5. For all 1 < k < 2n + 3, there exist Nk G N, and Nk simple connected 
rectifiable curves T^, 1 < j < 2?7, -|- 3 such that 

Nk 

d^w+ \ aw = IJ rj. 

j=i 

Furthermore there exist Cj real numbers such that T^ is exactly a connected component 
of{zeU;H{z) = c’^}. 


Proof of Theor em\L4\ Let h which satisfies (40), (41), (42). Let W, 9, H be dehned by 
(60) in Lemma 5.1 As before we set 


2n+3 


W\{zeW-,H{z)=0}= IJ Wk. 


k=l 

with Wk open and connected and Wk F Wj = 0 if fc j. We also set Wff = {z G 
Wk] 9(z) = -l-l}. We use the previous Claim 5.5 and we obtain that for all 1 < fc < 2n-|-3, 
since there are only a hnite number of curves T^ such that d^,Wfi \ dW = U^i , with 
the T^ which are connected component of level curves of F[ then we can find pk such 
that 

B{zo, Pk) n a*W+ \ aw C G W; H{z) = 0}. 

We then set p := mini<fc< 2 n +3 Pk and V := B{zo,p). We have that 9 is constant in each 
V n Wk since 9 is constant in each B{zq, pk) H Wk from the definition of pk- 

We claim that V~^ = {z E V; 9{z) = -1-1} is a set of hnite perimeter in V. Indeed we 
have that dV~^ \ dV C {z E V; H{z) = 0} (here we use the topologi cal boundary dV^) 
and E V;H{z) = 0}) < -|-cxd from the last point of Lemma 5.1 Then applying 

Proposition 3.62 of j2] we deduce that V~^ is a set of hnite perimeter. 


Note that in V the function 9H is continuous since iL = 0 at the discontinuity 
points of 9. Then 9H is in H^{V) since H is in H^. Computing V{9H) in the sense of 
distributions we obtain that V{9H) = 9'VH and it comes 

V(h -9H) = 0 in V. 

this proves that h — 9H is constant in V, but evaluating this constant in zq we hnd that 

h = 9Ff in V. 


□ 
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6. Appendix: On the stationary harmonic functions 

This appendix is devoted to elementary results on stationary harmonic functions. 
These results are stated without proof in the introduction of this paper. The original 
definition of stationary harmonic function is the following: 

Definition 6.1. A function h in is stationary harmonic if for any family of 

diffeomorphisms (ft of 12 such that 0o = Id we have 

j^\t=oE{ho (j)f) = 0 , 

where E{h) = ^ \Vh\^dx is the Dirichlet energy. 

As shown by the following proposition we used an equivalent characterization. 

Proposition 6.1. A function h is stationary harmonic if and only if div Th = 0 in the 
sense of distributions, where 

T -d,,hdyh \ 

^ -d.hdyh l[{d.hY-{dyhY].) 

Proof. We first note that div(T/i) = 0 in the sense of distributions if and only if 


{n,Dp) = 0, WveC^{n,MA), 

Jn 

where Dr] denotes the differential of rj (which is a 2 x 2 matrix) and (A, B) = iiifAB) 
denotes the inner product of two matrices. Let = x + trj^x) with rj G C“(12,M^), 

if t is small enough (ft is a diffeomorphism. Let ht := ho (ft, we have 

Vhti^x) = (/ + tDri{x)).'Vh{x + tri{x)) 

\'Vht{x)\‘^ = \'\/h{x + tri{x))\'^ + 2t{Vh{x + tr]{x)), [Dr]{x).Wh{x + tr]{x))]) + o{t) 
Then 

A I \yht{x)\^dx = ^ i \Vh{x + tr]{x))\^dx + 

I' .Jn 2 Jq 

+ i {Vh{x + tr]{x)),[Dr]{x).Vh{x + tr]{x))])dx + o{t). 

Jq 

We can make the following change of variables y = x + trj^x) x = y — trj^x) x = 
y — tri{y) + o(t) (the last implication holds because rj^x) = rj^y) + o(l) when t goes to 
0). We also have 

det [D{y — tr]{y) + o(t))] = det(/ — Drj + o{t)) = 1 —ttr Dr] + o{t) 
because det(/ + tA) = 1 + ttr (A) + o{t). Then 

E(ht) = W \Vh(y)\^dy-l. f \Vh(y)\HiDMy)di,+ 


Hence 


is equivalent to 


t / {Vh{y),[Dr]{y)Vh{y)])dy + o{t). 


j^\y-oEiht)^o 


[- 2 \^h{y)\‘^ Dv{y) + (Vh(|/), [Dr]{y).Vh{y)])dy = 0. 



34 


REMY RODIAC 


But 


and 


]^\Wh{y)\^ii Dr]{y) 


{^\Vh{y)\^I,Dy{y)) 


{Vh{y),Dy{y)Vh{y)) = {Vh{yYVh{y), Dy{y)) 

with VhiyYVhiy) = then conclude that 

d f 

-^\\t=oE{ht) = 0 ^ / <Th,Dr]>=0 

which is equivalent to div(T/i) = 0 with Th = — ||Vhp/. □ 

The equation (|^ can also be interpreted in terms of holomorphic functions 

Proposition 6.2. The condition div(T/i) = 0 zs equivalent to Uh ■= \dxhY — \dyhY — 
2idxhdyh is holomorphic in VL. 


Proof. 


dw{Th) = 0 ^ 


dxidxh"^ - dyh^) 
dy { dxh ‘^ - dyK ^) 


dy{-2dxdyh) 

-dx{-2dxdyh). 


These are the Cauchy-Riemann equations for Uh written in the sense of distributions. 
We can rewrite them as d^ujh = 0 where = \{,dx + idy). The operator is elliptic 
and hence the elliptic regularity theory shows that Uh is smooth and then holomorphic 
because it satishes the Cauchy-Riemann equations. □ 


Proposition 6.3. If h is harmonic in Vt then h is stationary harmonic in Vt. 


Proof. Assume that Ah = 0 in f2. Recall that An = AdzdzV and let us compute 

dzu:h = ddz[dzhf = Sdzhdzdzh 
= SdzhAh = 0. 

Hence dzUJh{z) = 0, that is ojh is holomorphic. 


□ 


The converse of the previous proposition is not true. However if h is a stationary 
harmonic functions which statishes the hypothesis (|^, Q, ([^ with y G L^, p > 1, 
then, using the same methods as in |TT] Chapter 13, one can show that h is harmonic. 

Proposition 6.4. If y is in L^(f2) for some p > 1 and satisfies (|^,Q then y = 0. 

Proof. Let y be in LP(f2) for some p > 1 and such that div(T^) = 0 and Ah^ = y. Let 
Pn be a regularizing kernel, we set yn ■= y * Pn, hn '■= hy * Pn and 

T —\( - 9 xhl - 2 dxhndyhn \ 

■ 2 \- 2 dxhndyhn dyh ^ - dxhl ) ' 

One has /i„ —)■ /r in Lp( 0), and because is in one also has —?■ in 

LloY^), for all (?€[!, -foo[. Then 

-t yVhy, in 

and 

Tn -^Ty, in LYY^)- 

The last equation implies that div(T„) —)■ div(T^) = 0 and pnVhn —>■ yVhy in 
the sense of distributions. However div(T„) = — Ah„Vh„ = pnVhn thus yVhy_ = 
hm„_).+oo div(T„) = 0 in L^Y^) and almost everywhere. From a property of Sobolev 
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functions we have = 0 a.e. on the set F = {Vh^ = 0}, thus fj, = 0 a.e. on F and 
fi = 0 on Q\F hence /i = 0 on □ 
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